Chaos,

Solrrons

& Fraclals Vol 1. No. 4, pp. W-ii&
IYY6
Copyright @ 1996 Elsevm Sctence Ltd
Printed in Great Britain. All r@m reserved
0960.0779196
$15 00 i 0 00

SO%O-0779(96)00007-O

Time Symmetry

Breaking,

Duality

and Cantorian

Space-Time

M. S. EL NASCHIE
DAMTP,

Cambridge,

UK

Abstract-Connections
are drawn between
the global thermodynamical
interpretation
of quantum
mechanics
and the reductionist
Cantorian-fractal
space-time
approach.
The objective
is to show the
influence
of the thermodynamical
approach
on development
in both fields and to explain
how
Cantorian
space can serve as a geometrical
model for a space-time
support of the thermodynamical
approach
to quantum
mechanics.
Seen through
both theories,
quantum
mechanics
could appear to be
the result of a turbulent
but homogeneous
diffusion
process in a transfinite
non-smooth
micro
space-time
with an area-like
quantum
‘path’. Time symmetry
breaking
is then a consequence
of the
transfinite
information
barrier
of Cantorian
space-time.
An important
result found here is that the
four dimensionality
of micro
space-time
is a consequence
of a discrete
Maxwell-Boltzmann
distribution
of the elementary
Cantor
sets forming
this space. In fact, it will be shown here that
many of the paradoxes
of quantum
mechanics
can be traced back to the contraintuitive
character
of
the underlying
unstable and nonsmooth
Cantorian
geometry
of micro space-time.

1. INTRODUCTION-THE

SECOND

LAW OF THERMODYNAMIC
SPACE-TIME

AND CANTORIAN

After conducting a fundamental reappraisal of the ergodic hypothesis and Poincare-Misra
theorem ]I], Prigogine and his school proceeded to suggest a rather radical reinterpretation
not only of quantum mechanics but also of classical mechanics. In so doing, they moved
the second law from being the centre of their research in non-equilibrium thermodynamics
and self-organization to being the foundation upon which theoretical physics stands. Thus,
their proposal amounts to a reverse of the traditional viewpoint of thermodynamics
proclaiming that microscopic particle reversibility is, in some sense, a mere illusion [l] and
at best an approximation [51] .*
This theory was, and still is, regularly objected to, mainly on the grounds that the
non-existence of micro state ‘philosophy’ does not in fact solve the fundamental question
about the connection between the structure of the world and the suggestions regarding the
fundamentality of the second law of thermodynamics even for quantum systems. It is
frequently said, though somewhat inaccurate, that the no-micro state ‘metaphysics’ needs a
far more convincing explanation for what the claim, that ensemble distribution gives the
full actual state of the individual system, really amounts to. Critics object by saying that it
is true that Prigogine has a selection rule which takes the correct admissible initial states
but this is, in effect, nothing more than an ad hoc selection principle fitting his needs.
Consequently they still demand an explanation for why a uniform selection should describe
the world.
*In particle
physics, only under the combined
effect of C, P and T do we have invariance.
This indicates
iterated
function
systems-like
space behaviour.
On the other hand CP violation
implies
T violation,
so that
irreversibility
may not be of thermodynamical
origin only, but is related to the semi-group-like
symmetry
of the
iterated
function
systems space, which we call Cantorian
space-time.
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As we said earlier, on the whole we feel that this criticism is not fully justified. It seems
to overlook the fact that it was the Brussel school which incorporated stability analysis into
the subject and showed that non-linear bifurcation can decrease (as well as increase) the
local entropy abruptly. It is true that the mathematics of Refs [2, 31 tends to conceal some
of the answers to these objections or do not reflect these points explicitly. However, it is a
fact that Prigogine has also quite frequently emphasized, though only in general terms, the
wider implications
of the second law as well as non-locality
for the structure of the
universe. As a very clear example of this extremely important point we may quote from
one of his papers which was actually dedicated to D. Bohm where it is stated [5]:
“Probably
the most fascinating
aspect involved in the transition from dynamics to
thermodynamics is the deep change in the structure of space-time which the introduction
of
irreversibility
requires on the microscopic level. Irreversibility
leads to a well defined form
of nonlocality in which a point is replaced by an ensemble of points according to a new
space-time geometry determined by the inclusion of the privileged arrow of time”.

In the present work, we will show, using a probably new discrete distribution
(see
Appendix A), that a micro space-time
dimension,
n = 4 basically implies the same
Maxwell-Boltzmann
gamma distribution of thermodynamics
giving evidence of a mathematical connection between the new Cantorian geometry of micro space-time
and
thermodynamics. *
Like Penrose [6] and Gell-Mann [7], Prigogine is among the very few who recognized the
importance of instability
and the ensuing bifurcation in micro physical processes, two
aspects which are lacking in the conventional formulation of quantum mechanics because of
its external linear structure. Within linear formulation
there is no place for bifurcation
whatsoever. Even the smallest non-linear effects have a crucial impact on a point of
bifurcation [23]. It may not be too much of an exaggeration to state that the ingenuity of
conventional quantum mechanics was in finding a linear scheme that produces all the
desired results and yet concealed the true non-linear nature of reality. Einstein told
Schrodinger once: “Zf everything
were linear, nothing
will influence
nothing”.
To gain a
deeper insight in quantum physics a reductionist geometrical viewpoint must be adopted
which incorporates bifurcation. Thus, a revision of our classical picture of a smooth micro
space-time which is devoid of any set singularities and an admission of a rugged non-linear
space-time buzzing with transfinite singularities similar to that envisaged by Menger [S]
seems to be inevitable. This very same belief is expressed directly or implicitly
in the
writings of Bohm [9], Finkelstein
[9], Penrose [6], Gell-Mann
[7] and Wheeler [lo].
Moreover, this is implied in the positron theory of Dirac as well as the Feynman path
integral formulation
[ll] and to a certain extent it is also implied by Schrodinger’s
Zitterbewegung [13]. In what follows we will attempt to show that most of the paradoxes of
quantum mechanics can be reduced to paradoxes associated with the Cantorian geometry
of unstable geodesics of micro space-time.
2. CANTORIAN

SPACE-TIME

AND QUANTUM

PHYSICS

In what follows we will argue that a supporting theory of a non-classical quasi-statistical
micro geometry, which is by and large consistent with Progogine’s proposal for quantum
systems, has in fact been around for some time in the form of the theory of fractal
space-time initiated by Ord, and later on independently by Nottale, and also in a different

*On
implies

the level of one particle trajectory,
Cantorian
irreversibility
of the iterated
function systems

space implies
semi-group-like

time reversal,
but on the global
type of symmetry
breaking.

space level

it

Time

symmetry

breaking,

duality

and Cantorian

space-time

non-local and transfinite form referred to as Cantorian space-time by El Naschie [13]. We
will argue that the transfiniteness of Cantorian space-time is the line dividing the past from
the future and the origin of the infinite information
barrier required by the thermodynamical approach. The global arrow of time is never reversed in the Cantorianthermodynamical
approach as shown by Page and Hawking [58]. Space-time dimensionality itself is a statistical construct in the sense of Weizsacker and Fenkelstein just as
temperature is.
2.1.

General remarks-the

fractal

dimension

of a quantum path

The set theoretical part of the Cantorian concept of physical space owes much of its
content to ideas first advanced by Cantor himself [15] and in subsequent works by Menger
[8], Banach-Tarski
[16], Wheeler [ll] and Finkelstein [17]. The formulation as the set of a
dual diffusion process is, on the other hand, related to the Eddington-Schrodinger
interpretation
of time reversal [18, 191” and its connection to diffusion and variational
formulation
of non-conservative sets [20-231. The insight that the path of the quantum
particle is non-differentiable
is due to Feynman and Hibbs [12] and was, in a sense, implied
by earlier observations due to Schrijdinger regarding Dirac’s equations and the so-called
Zitterbewegung
[24]. The Euclidean formulation of the quasi ‘metric’ was borrowed from
the work of Hawking [58] as was the use of conjugate complex time [30]. By the term
‘metric’ we mean of course something quite different from the classical concept since at an
infinite resolution we have zero measure. It is thus a kind of resolution-dependent
‘metric’.
Finally, the idea of a preprogrammed
DNA-like
micro geometry was probably due to the
influence of Chomsky’s theory of language, grammar and learning [SO] as well as that of
Bohm and Hiley [51].
The concept of Cantorian micro space-time was initiated five years ago [46], almost
eight years after Ord pioneered the fractal space-time approach to quantum mechanics

[431.

Though these two subjects, fractal space-time and Cantorian space-time, were developed largely independently,
they are of course intimately connected. For instance, the
fractal dimension of a quantum particle moving in fractal space-time is postulated in
accordance with Abbott et al. [2] to be d = 2 while in Cantorian space-time the exact
expectation value for the fractal dimension of the quantum particle was derived rather than
postulated and found to be (dp’) = l/( d:“) = 2 given by equation (17) of Ref. [26], where
dp’ is the ‘backbone’ or kernel set which is a Menger-Uhrysohn
zero dimensional set.
Nevertheless, there are of course a few more fundamental differences between the two
approaches, in particular when comparison is made with the form of space-time developed
by Nottale [27], presently one of the vigorous proponents of the concept of fractal micro
space. Thus, we may start here by outlining the fundamental and partially classical features
of Cantorian space-time and subsequently comment on the similarities to and differences
from other related concepts [28].
2.2.

Spacialized

time-CPT

invariance

As indicated earlier, Cantorian space-time is fully ‘spacialized’ space with an
resolution-dependent
quasi ‘metric’. In a manner similar to the use of imaginary
spacialization is achieved by introducing conjugate ‘complex’ time t = 0 ? it. The
t is then found by an intersection between time vector t, and time antivector t*There

are other

related

notions

of time

reversibility

such as Wigner

time reversal

Euclidean
time, this
real time
as shown
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in previous work [29, 301. Consequently
CPT invariance becomes equivalent
to CP
invariance in Cantorian space-time [58] (see Appendix F). This move and its connection to
the Eddington-Schr6dinger
interpretation
of the conjugate complex Schrijdinger equation
and classical diffusion is discussed in some detail in Refs [18, 281. It may be quite
important in this connection to point out that the Wheeler-Feynman
absorber theory as
well as the Cramer transactional interpretation
of quantum mechanics [31] are variations on
the Eddington-Schrijdinger
interpretation
[18, 191. This is an important fact which seems
to be little known in the literature. Furthermore, the present author has used, in a classical
context, a dual variational formulation for non-conservative sets, following the ideas of van
der Dungen [23] as well as those of Eddington,
which are closely related to the
aforementioned
theory [18, 191. This dual variational principle was extended and made
precise in some excellent mathematical
work on quantum mechanics and diffusion by
Nagasawa [32]. Thus, the present interpretation
makes extensive use of duality just as is
currently done in particle physics. The Schriidinger equation and its conjugate complex
contra part simultaneously play an important role in our formulation. This may be regarded
as a super conservation rule.
2.3.

Topological dimension and Hausdorff dimension- CP invariance

The topological
dimension of a Cantorian space-time
in the Brower and MengerUrysohn sense turned out in Refs [33, 341 to be exactly II = 4 while the Hausdorff
dimension is only, on average, (d,) = 4. This space is constructed in a statistical and quasi
random way from an infinite number of elementary Cantor sets by intersection and union.
It is difficult to describe in ordinary non-mathematical
language because the space has, at
mfinite resolution, a Lebesgue measure of zero and yet possesses the cardinality of the
continuum.
It is, on average, sufficiently dense by virtue of the expectation value (d,)
being equal to (n) where n is the Menger-Urysohn
topological
dimension
and
(d,) = l/[(l - dp’)d:“‘] is the expectation value of the Hausdorff dimension. Therefore,
the space can indeed mimic the classical notion of continuity, and even that of a ‘path’ but
not standard differentiability,
on ‘average’. Thus, the number of dominant dimensions with
the highest probability
in the sense of Menger and Wheeler is four [8, lo]. Any much
larger dimension may be viewed as in the Klein hose analogy [35]. This means that the
infinitely many extra dimensions are there but in an increasingly compactified way (see
Appendix E). Cantorian space-time may be likened in this way to a fractal strings field or
an apollonian fractal of multi-dimensional
spheres [48] for which Salvador Dali’s picture
(Fig. 1) may be a useful imaginative metaphor. Because Cantorian space-time is quite
rugged space, the ‘motion’ of one particle is far too unpredictable compared with that of
smooth space. However, for multiparticle
interaction,
and here lies a fundamental
distinction, it is less unstable than the corresponding classical interaction.
In Newtonian
mechanics space and time are separate and absolute, in Einstein theory time and space are
mixed. However, in Cantorian space-time, space and time are indistinguishable.
Note that
since CP represents an antiparticle, then the CP experimental violation implies a passible
I;f violation on a particle level (see Appendix F).
2.4.

Non-locality

There are two consequences of the transfiniteness and ‘metric’ structure of Cantorian
space. The first is that at infinite resolution, this quasi-random and self-affine space is
non-local. The second is, that the singularity of general relativity gives way to a Hawking
type of Euclidean initial condition.
In turn, two points of interest arise. First the
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Fig. 1. Galatee Aux Sphkres (1952) by Salvador Dali [o DEMART PRO ARTE BV/DACS 19961. A mid picture
sing ularity gives rise to an explosion of BT spheres on all scales forming globally a turbulent topological female
face. A correlated chaos gives rise to form.
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randomness of the space is a consequence of Mauldin’s
theorem [34] as well as the
Banach-Tarski
‘mechanism’ where at very high resolution, far below the Planck length,
measurement of distance loses its meaning and the axiom of additivity ceases to hold. At
the initial point at infinite resolution we have the beginning of a highly complex
non-measurable space for which the Bannach-Tarski
theorem is applicable [15]. Second,
non-locality
which allows the transmission of information
via information
quanta or
informions at infinite velocity [18], produces the effects known experimentally
as quantum
entanglement
or synchronization,
whenever the resolution of the experimental
set up
permits observation at such a deep level as in the famous experiment of Aspect to test
Bell’s inequalities and the proposed test of complementarity
of Walter and Scully [17] (see
Appendix G). It should be noted that travelling back in ‘time’ of information is permitted
independent of any cutoff speed. In fact, without some notion of a travelling back in time
wave function, even in the case of the Schrodinger equation, let alone the Dirac equation,
the Born interpretation
would become difficult to use or at least implausible. Now this does
not mean that there is no overall drift forward. Due to the initial condition, such a drift
exists as in all inflationary
theories. The statistics of the uncountable infinitely many
potential ‘geodesics’ or information
‘lines’ and ‘patterns’, inherit the same overall drift,
which means it is a tautology to say that time seems to pass because of the second law or
the second law is there because time passes. Our realistic concept of an ‘arrow’ of time and
non-locality appears to be consistent with the notion of informational
pattern spanned by
the potential Cantorian ‘geodesic’ of micro space-time [36, 371. Only in this respect does
micro space-time
differ essentially from macro space-time.
In Cantorian space-time,
becoming comes before being, to use Eddington and Prigogine’s terminology. In this sense
Cantorian space-time looks otherwise rather conservative or even classical. At infinite
resolution there is a ‘spooky’ action at distance just as in Newtonian gravity theory as well
as any quantum theory which admits non-locality [60]. This space-time may therefore be a
culmination of the dream of geometrizing physics, a dream which played a profound role in
Einstein’s thinking, the unified field theory as well as in all Kaluza-Klein
type theories. In
the Cantorian space model all that we perceive as non-classical, strangely quantum
mechanical or quantum field effects are simply the consequence of transfiniteness coupled
with the positively operational notion of the resolution dependency of any observation or
measurement. This transfiniteness thus applies to matter as well as information.
In other
words, we are not imposing any restrictive rule on what one may ask or not ask regarding
the ontology of quantum mechanical phenomena. This is all taken care of, so to speak,
through the Cantorian space-time setting [36, 371 which is more correlated and thus less
unstable than the smooth classical space-time with its strong mixing capabilities for macro
objects. Cantorian space, which is formed by Cantor sets according to exact discrete
gamma-Maxwell
distribution
with dL”’ = @, cannot be ordinary chaos. It is intermediate
between classical chaos and classical order giving rise to quantum indeterminism
[62].
2.5.

The two-slit experiment

Now, whenever one wishes to invoke the preceding model in a concrete situation, then
one will have to first examine the operational aspects ab initio where size and resolution
play a crucial role.
Take the two-slit experiment for instance. In its usual classical form we have a quantum
particle concept at the beginning, emitting a photon for instance, and at the end when the
detector registers the arrival of the same particle. Only in between may wave concept be
involved in some way in the Schrodinger form of quantum mechanics while we are not
allowed to say anything in the Heisenberg-Born
matrix formulation
of the same. In the
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more sophisticated form of the same experiment
with the so-called delayed choice
modification of Wheeler or the controlled transfer of information using the quantum eraser
as proposed by Walter et al. [18], the non-locality of transfiniteness can be drawn upon to
interpret the instantaneous transfer of information and so on as discussed in detail in Refs
[18, 28, 29, 30, 36, 371. We believe that the four-point
chaos game, essentially a
semi-group-like
iterated functions system, provides a good illustration of the role played by
randomness, correlation and information
in the two-slit experiment as discussed in Ref.
[36]. In other words, the closer we probe space using sophisticated experimental apparatus,
digging deeper into the structure of matter and vacuum, the deeper we will penetrate
Cantorian space-time passing on our way by quark and still smaller unknown particles such
as Higgsons and finally informions
[18], a hypothetical
quanta which may deserve
Ledermann adjective, the god particle. To stress the point further, let us first consider the
particle concept which we accepted within the accuracy of our analysis of the two-slit
experiment. At a much higher resolution such a ‘particle’ will become fuzzy, then dissolves
in the transfinite space revealing a more or less fuzzy solitons knot in the ‘fabric’ of
space-time. This constitutes for us what we envisage as a Cantorian field on a Cantorian
space-time support, at an infinite resolution, which is supposed to be forbidden operationally. All we will be left with in this case will be a DNA-like
informational
space with an
initial point where the axiom of addivativity is valid no more. This is also where the
Banach-Tarski
theorem becomes applicable [15]. In a manner of speaking we are at
spheres’ producing ‘singularity’ similar to that depicted in Dali’s allegorical ‘surrealistic’
painting (Fig. 1). This is truly the ultimate ‘free lunch’, to quote Prigogine and Stenger

i521.
2.6.

Instability-bifurcation

changes entropy and dimensions

We remain with the interpretation
of the two-slit experiment.
The disappearance of
pattern was viewed there as resulting from the disappearance of the correlation between
the two slits. Correlation
decreases chaotic behaviour and classical instability.
Some
researchers have, however, argued against this interpretation
on the grounds that such a
correlation between the two slits is not possible because of the distance between them. This
distance is too large to allow for correlation through the potential Cantorian geodesics, as
may be seen from the Feynman formulation
using the path integral. Now this is most
definitely an incorrect conception of the situation. Such objection is actually missing the
point regarding the instability
of Cantorian geodesics all together. In fact, we have
previously shown that the associated map of potential interference is unstable [38].
Consequently, there is a latent susceptibility to bifurcation into patternless formation due
to the feeblest perturbation
let alone closing one slit or transferring ‘a which way’
information [36-391. This point regarding bifurcation is not addressed in ordinary stochastic
mechanics or differential
equations of fractal space-time
which are based on Nelson
theory. The linear treatment of a basically non-linear problem is the very reason for some
of the gravest misunderstandings
related to what is referred to as an instantaneous wave
collapse. Wave collapse is, in fact, a bifurcation in the probability map governing the
potentiality for a particle to take this or that fractal path. It is a sudden change in entropy
causing a loss of the geometrical structure of the interference fringes which are associated
with a change in average dimensions (see Appendix C of Ref. [37, pp. 203-2043). A point
moving in Cantorian space with infinitely many different non-linear non-differentiable
paths connecting any two points will have an equally vanishing probability of taking any
one of them. Now once it moves from one point to the other the probability for this path
becomes one. However, to return along the same path to the original location the
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probability is indeed null exactly as before. In smooth classical space three particle systems
give rise to non-integrability
and more than five particles are completely unsolvable. In
Cantorian space-time the situation is reversed since particle interaction is far less unstable
and requires reversibility.
It is the act of measurement
which brings the two worlds
together through entropy and dimensions changing bifurcation. These simple ideas are of
profound importance for understanding Cantorian space-time physics as well as Prigogine’s
viewpoint. The process of diffusion in Cantorian space-time
is factually irreversible
because an infinite number of potential geodesics are available at any instance connecting
two points and because of the non-existence of a straight shortest path connecting them.
The fractal path in fractal Cantorian space-time is always (d) = 2 as shown in Fig. 2. In
the smooth classical space in constrast it is always d = 1. To sum up, bifurcation analogous
to a first-order phase transition is the mechanism behind the Gell-Mann-Hartle
decoherence scenario in quantum mechanics. It is important
to mention here the attempt of
Weinberg to test the influence of non-linearity on quantum theory which he found to be
negligible [60]. However, this is always the case at a non-critical point. At a point of
bifurcation the influence of non-linear terms is crucial as well known theoretically
and
experimentally
from the work of von Karman and Koiter in elastic stability of engineering
systems for instance [23].

/t
P
v
-----/
Fig. 2. An illustration of how a space filling (ergodic) Peano curve in n-dimensional space (here n = 2) is the
projection of a corresponding fractal surface made of a simple fractal curve in n + 1 dimension which is not space
filling (here n + 1 = 3). The quantum path of a particle in the Feynman path integral formulation and Ord’s fractal
space-time is very similar to that shown here. Note that the ‘path’ in n + 1 dimension will always have, on
average, the fractal Hausdorff dimension (d) = 2. The extremely surprising fact, however, is that the expectation
value for n assuming a so-called Maxwell-Boltzmann
gamma distribution of the infinitely many Cantor sets in
infinitely many combinations leads to (a) = 4 + Qs = l/((n) - 4) where r$ is the Goleden mean and n = 4 is the
exact value for space filling. Note also that the notion of a path with a dimension equal to that of an area destroys
the classical idea so that, in some sense, Heisenberg and Bohr are correct in rejecting the notion of a quantum
path.

However,

mathematically

we have

a fractal

path with

d$2’ = 2.

508

2.7.

M. S. EL NASCHIE

The Bose-Einstein and the Fermi-Dirac

statistics

Let us again consider the question of dimensionality.
We recall that the analysis of
Cantor spaces showed that a Borel-like set with a gamma distribution
function (for details of the calculations the reader is referred to the Appendix
will be
specified by -(a) = (d,) = dr’ only if dp’ = $ = Q/\/5 - 1)/2 and n = 4. Here dL”I denotes
the Hausdorff dimension of the kernel Cantor set with a Menger-Urysohn
topological
dimension equal to zero, -(n) = (1 + dL”)/(l - dfp’) is the mean topological dimension of
the space and d?’ is the Hausdorff dimension corres onding to a topological dimension n
[34]: It is interesting that the expectation value of d,8 in an infinite dimensional space was
found to be [34]:
n = m dimensional

(dy’)

= l/2;

(d!‘)

= l/( d:“)

= 2;

((d,)) = 4

and in fact ( dc)min = 4. These are very interesting numbers confirmed recently by Al Athel
using different methods [53]. They are also expected if the theory of Cantorian space-time
is to have any relevance to physics yet they are surprising for reasons which one cannot
simply explain in words. It is probably the mind boggling effectiveness of mathematics or
how it is possible that something as esoteric as Cantorian set theory could really deliver
such plausible results as the four dimensionality
of space. The ‘average’ dimension
( d,),i, = 4 shows that the 3 + 1 dimension in which we live is indeed derivable from
primitive
set theoretical
consideration.
Furthermore,
(dp’) = l/2 is consistent with
(d?‘) = l/( d:“) = 2 which shows that the Schrodinger Zitterbewegung
is area-like not
line-like and agrees with Feynman’s observation about the path of quantum particles and
the famous Abbott et al. value for the Hausdorff dimension of the path of a quantum
particle, namely d = 2, exactly as in the two-dimensional
Peano model of Ord and Nottale
(see Fig. 2). This also happens to be the only value for which the Heisenberg relation
becomes resolution independent [39]. In other words, dp’ and n fluctuate and we may
have a smaller or larger value but (dc)min = 4 means on ‘average’ we may have only a
slightly larger value (see Appendix E). However, the extremely interesting point here is
found when we do statistics with dimensions in a manner similar to what we do in quantum
mechanics with space coordinates, only here time will also be regarded as space. In this
way the Bose-Einstein
statistics [4] show that for n = 4 we have d = 4.025 which is
numerically
consistent with all the previous results [40]. However, the Fermi-Dirac
statistics leads to the requirement that for IZ = 5 we have d, = 5. In other words, although
our ‘averaging’ technique over infinitely many Cantor sets singles out n = 4 as a sort of
expectation value with probability 1, the statistics of Fermi-Dirac
[41] lead to y1= 5. One
could have speculated that the additional quasi degree of freedom of spin l/2 is what raised
rz from 4 to 5. Note that only spin l/2 admits a Schrodinger representation as was pointed
out long ago by Dirac [47] ( see Appendix G). It is extremely important to note that the
gamma distribution function involved in deriving the dimensionality
n = 4 is basically the
same function involved in the Maxwell-Boltzmann
distribution in thermodynamics.
This
important observation shows for the first time the formal connection between Cantorian
micro space-time and thermodynamics.
It is extremely important to note that all these
results simply disappear in the continuous limit. We can let n = ~0 but to obtain our results
we must remain within a truly discrete theory. In fact, a consistent discrete theory would
give a discrete Hausdorff dimension
d,(‘) = 2/ 3 for the triadic set and consequently
-(n) = 5 (see Appendix for details). We should recall here that in Prigogine’s approach,
classical trajectories are replaced by the evolution of distributed functions.
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Randomness and self-affinity-
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Banach- Tanski and Mauldin theorems

The remarkable fact about Cantorian df:‘) space-time is that no few words can describe it
consistently. For instance, its randomness implied by the kernel set dL”’ = r#~= (j/5 - 1)/2
in accordance with Mauldin’s theorem is found once more in its Hausdorff dimension
dy’ = 4 + d. This in turn implies some interesting ‘self-similar’
behaviour [34] due to the
fact that l/(dfP) - 4) # d, (4). In other words, #3 may be regarded, as in strings theory, as if
it were a compacted additional dimension which in turn has compacted dimensions and so
on ad infinitum forming a four-dimensional
nesting space.
This is not the only point which implies randomness. Banach-Tarski
decomposition also
implies chaos as discussed by Svozil [42] and the author [16] and as indicated in the
apollonian fractal space-time turbulence of Ref. [48] and Dali’s symbolic painting (Fig. 1).
Again an important
illustration
for the idea of order out of chaos is the three- and
four-point chaos game and its connection with the two-slit experiment [36]. Cantorian
space-time is random for one particle but highly structured and, compared to the smooth
macro space-time, it is far less unstable for multi-particle
interaction as we have repeatedly
stressed earlier on. The disappearance of the interference pattern in Cantorian space may
be likened to a first-order phase transition due to a bifurcation
connected to the
dimensionality
of space. We may note that, in particle physics, only a combination of the
three C, P and T transformations
‘guarantee’ symmetry. This indicates a fractal ‘Sierpinski’ kind of symmetry rather than a group action, and thus support the idea of a Cantorian
space-time geometry. The Sierpinski is symmetric under a set of three dilations.
2.9.

Cantor, diffusion

and space-time-the

cardinality of the Ather

It is, of course, only natural that Schrodinger was the first to notice the formal similarity
between his equation and that of classical diffusion. However, it is extremely interesting
and, to a certain extent, instructive to recall some almost prophetic statements by the
inventor of transfinite sets, G. Cantor, who severely criticized the classical definition of
motion as having simultaneously
velocity and direction in a letter to F. Klein dated 19
October 1886 by writing:
“Es freut mich, dass Sie in gewissem Sinne mit meinen Andeutungen
ueber den Bewegungsbegriff harmonieren.
Urn noch deutlicher meine Meinung zu sagen vermerke ich: Richtung
und Geschwindigkeit
sind meines Erachtens nur Accidenzien
der Bewegung,
d.h. sie
koennen such fehlen, sie sind dem allgemeinen Bewegungsbegriff
nicht wesentlich. Zch halte
es fuer unmoeglich tu beweisen, dass jede Bewegung notwendig mit (geschw) und (Richt)
behaftet sein muessen. Bewegung
mit jenem Accidenzien
ist genau betrachtet ebenso
unanschaulich
und wenn Sie wollen ebenso dunkel wie Bewegung ohne dieselben. Die
quaelische Frage “was heisst Anschaulichkeit”
tritt auf diesem Standpunkt und verdient
vielleicht such nichts besseres”.

This way of looking at motion anticipated the mathematical
description of the Brownian
motion by Einstein in 1905.
Cantor also had important visions regarding the application of his transfinite set theory
to physics, particularly to the ether. Cantor wrote to Mittag-Leffler
on 16 November 1884:
“Zch glaube aber such ferner und das is der erste Punkt, in welchem ich mich ueber die
Punktatomistik
erhebe, dass die Gesamtheit der Koerperatome
von der ersten Maechtigkeit,
die Gesammtheit der Aetheratome
von der zweiten Maechtigkeit
ist und hierin besteht
meine erste Hypothese”.

It is remarkable that Cantor speaks of the atoms of the vacuum and when one considers
the possibly fractal nature of quark then one can only be amazed by these lines coming
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from a pure mathematician
in 1884. Note that Cantor sees the vacuum as not just infinite
but transfinite. Note also the bearing of his ideas on the Heisenberg uncertainty principle.

3. REMARKS

ON PRIGOGINE’S

THEORY

AND CANTORIAN

SPACE-TIME

In this section we aim at summarizing the most important points of coincidence and of
the difference between the Brussels thermodynamical
interpretation
of quantum mechanics
and the Cantorian space-time proposal.
3.1.

Scale invariance

Cantorian space-time is, in the first instance, an attempt to formulate all observations
constituting the universe and transmitted to us as objective information in a scale invariant
and resolution dependent form. What is then left will only be laws that are scale invariant,
similar to or generalizing Gauge theories. Regarding this point, the same is true for the
fractal space-time of Ord and Nottale.
3.2.

Classical particles and classical time-the

Eddington-SchrOdinger

interpretation

Two basic concepts which have taken over from classical physics and are adopted in
quantum mechanics, namely classical time and classical particle, are automatically revised
in Cantorian space-time. Where everything is resolution dependent, what may appear to a
certain degree of accuracy of observation as a singlet (point) may still be revealed as a
collection of points (multiplet).
Also within Cantorian space-time theory, time is specialized. Thus not only is space Cantorian but ‘time’ is also Cantorian. Ord seems to have
been the first to fully utilize the concept of fractal time [43] and its far reaching
implications such as time reversal. Spacializing time is equivalent to introducing imaginary
time. However, imaginary time must be satisfied or governed by some still unknown
equation and cannot appear except as a conjugate complex quantity (where the real part is
zero) following an elementary result of complex variables. Consequently, we have the
inevitability
of the Eddington-Schrodinger
duality, that is to say one process must be
running forward in time while the other must run back in time. This may be regarded as a
super conservation rule for quantum mechanics generalizing the Newton axiom of action
and reaction. Thus, in a Cantorian space, a single particle can always appear as a particle
and antiparticle in any event.
Now, upon measurement it is clear that the irreversibility of the classical space apparatus
must clash with the reversibility of the single particle-antiparticle.
It is indeed a question of
size as well. A classical size particle is no more concerned by the fractality of space-time
than a large lorry is concerned by the railway tracks in a road. In contrast, a bike can
easily fall into the tracks and be forced to follow them. Consequently, for many particles
interaction instability of the strong mixing kind is far stronger than in the corresponding
Cantorian micro space-time situation. This has been well-illustrated
in some very nice
computer simulations
by Boyarsky [54] and although this view may contradict some
experiments with macro quantum objects as well as spin field we think the contradiction
can be resolved within a Cantorian space picture and will be discussed elsewhere.
It may be interesting to quote here from an article of Schrodinger written in French in
which he quotes Eddington’s interpretation
in its English origin. Schrodinger [19] wrote:
“A titre d’introduction,
je voudrais titer une remarque que j’ai trove& dam les “Gifford
lectures” de A. S. Eddington
(Cambridge
1928, p. 216 et sqq.). Eddington en parlant de
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f’interpretation
de la m&unique
ondulatoire,
fait duns une note au bus de la page la
remarque suivante:
‘The whole interpretation
is very obscure, but it seems to depend on whether you are
considering the probability
after you know what has happened or the probability for the
purposes of prediction.
The q q* is obtained by introducing
two symmetrical system v
waves traveling in opposite directions in time, one of these must presumably correspond to
probable inference from what is known (or is stated) to have been the condition at a later
time’ “.

At the end of this paper Schrijdinger

added:

*’ Doit-on interpreter la remarque d’Eddington,
citee plus haut, comme signalant la necessite
de modifier cette maniere de voir en mechanique ondulatoire
et pendre comme conditions
aux limites les valeur dune seule probabilite a deux instants differents?”

3.3.

The Born

interpretation

and Boltzmann

H function

Within Cantorian spaces a wave function cannot be used to give the correct Born
probability
density interpretation
of a single particle in the relativistic case which is, of
course, consistent with Dirac’s hole theory. However, it should be noted that even in the
non-relativistic
case, using Schrodinger’s equation it is also the wave function of the particle
and its antiparticle time reversed echo, so to speak, which together define the probability
density. There seems to be a hidden duality here which is more fundamental
than
previously thought. There is a subtle interplay between the arrow of time and reversibility.
In fact, even for the Boltzmann function, H, many interesting properties of H cannot be
proven without reversibility.
For a discussion of several other points not discussed here
refer to the excellent book of Zeh [59].

3.5.

The arrow

of time and virtual

reality

In most, if not all, versions of orthodox quantum mechanics formalism-only
coordinates
play the role of statistical quantities and are, in general, operators. In contrast, time does
not behave statistically and remains a mere parameter as we cross over from the classical to
the quantum description. It is, however, a radically different picture when time behaves
statistically and becomes indistinguishable
from the space coordinate, as is the case in the
statistical analysis of Cantorian space-time. These statistical properties manifest themselves
in the result of the Bose-Einstein
statistics which predicts the space-time capacity-like
dimension of d = 4.025 mentioned earlier on. The second point is the application of the
gamma distribution to space-time leading to n = 4 and (n) = 4 + 4 (for a derivation see
Appendix A). The third point is that CPT combined transformations
are consistent with
Cantorian geometry.
Once the statistical nature as well as the reversible aspect of time are accepted, as in the
Cantorian model, then we are not far from the ideas about the arrow of time being
connected with the extension of thermodynamical
statistics to quantum mechanics, although we do not need to admit Prigogine’s new complementarity
to reach this conclusion.
We are also not at variance here with the basic ideas of von Weizsaecker and Finkelstein
who construct space-time from processes statistically [41]. However, we are forced to
admit that the arrow of time is nevertheless a statistical illusion which manifests itself on
the many particle macro levels as being at minimum a virtual reality which is indistinguishable from any conceivable deeper ‘reality’.
In other words, the origin of the arrow of time may indeed still be an illusion albeit a
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persistent and devastatingly important illusion for conscious multiparticle
systems, such as
ourselves, who enjoy other equally important
illusions such as free will and objective
perception and who think in terms of space, time and particles. Reversibility is not totally
inconsistent with irreversibility in a Cantorian space-time, it is even an essential element in
the overall picture. Gell-Mann
in Ref. [7] indirectly reinforced our geometrical view by
writing “The geometry of space-time is then seen to be subjected to quantum indeterminancy” such geometric indeterminancy
is intrinsic to Cantorian-fractal
geometry. Our point
regarding reversibility was also argued by Ritz in a famous discussion with Einstein [63].

3.6.

Poincare’ recurrence-K

systems and gamma distribution

In essence, what Prigogine has suggested was that our classical traditional thinking about
thermodynamical
behaviour to be derivable from microscopic structures is incorrect. The
whole is far more than just the sum of the parts. Thermodynamics,
he reasons, is the
primary reality and the allegedly more fundamental description is not a valid hierarchy for
looking at nature. The second law of thermodynamics
is a fundamental law of nature and
by no means a simple statistical or counting procedure which may be broken by Poincare
recurrence theorem. In this frame of mind Poincare’s recurrence theorem is nothing but
some sweeping mathematical
generalization
devoid of any observable physical consequences for ‘reality’. Prigogine’s deep understanding of chemistry and biology might have
been a motive and a considerable help to him in reaching such profound and controversial
conclusions. They are at first sight at least in considerable variance with the prevailing
more or less reductionalist
but well-established
views. However, it seems to us that
Prigogine’s point of view of quantum mechanics is, in fact, complementary
and consistent
with the analysis of Cantorian space-time, at least implicitly.
The only difference in our
view is that he did not inquire about the origin of the undisputed thermodynamical
law if it
is to be applied to quantum systems. This would be a good question in the context of
Prigogine’s theory for which Cantorian space-time is a good answer. Within quantum
physics the origin of the thermodynamical
law is, in accordance with this view, nothing but
the statistical form of the geometry of Cantorian micro space-time itself. Space-time
geometry is more fundamental
than statistical mechanics. Smooth space is extremely
unstable for multiparticle
classical systems whereas Cantorian space is unpredictable
for
one particle but far less unstable for multi-particle
quantum sets. The classical notation of a
trajectory is thus replaced in Cantorian space-time by a notation related to the evaluation
of the distribution
function in analogy to the action of a Perron-Frobenius
operator.
Continuous unstable bifurcation thus destroys predictability as well as classical trajectories.
Prigogine himself stressed that strong mixing or K systems are the rule and reversible
classical mechanics are an approximation
to the rule at a certain resolution dependent
measurement.
The inseparability
of chaos in a deterministic
set from the transfinite
Cantorian structure of this set is by now well-recognized and understood in non-linear
dynamics and the relatively new field of quantum chaos [62]. Consequently, a Cantorian
space-time setting would give the same result for quantum sets but on a more basic level
and within the traditional
programme
to which Einstein’s theory of relativity ascribes,
namely geometrizing physics. This was described by Menger for the micro cosmos as a
form of statistical geometry [8] and in essence this is what we are suggesting here. One of
our most important results is clearly the gamma function connection between n = 4 and
thermodynamics
which is based on Mazwell-Boltzmann
distribution (see Appendices A, B,
C and D for details). Moving from smooth to Cantorian space is similar to moving from
Euclidian space to Remanian space or from Hilbert space to rigid space.
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Energy-time uncertainty

It is important to realize that a relation such as the so-called energy-time
uncertainty is
strictly speaking not an uncertainty relation within the framework of conventional quantum
mechanics. However, with Prigogine’s theory as well as Ord’s theory of fractal space-time
these relations acquire the meaning of a real uncertainty relation.
3.8.

Duality and time operators

The Cantorian space-time proposal maintains that quantum mechanics is a very special
kind of diffusion process. The supporting ‘medium’
for this diffusion is a Cantorian
transfinite space-time.
Ord was recently able to derive, and rather convincingly,
the
Schrodinger, Dirac and Pauli equations on a lattice using purely counting procedures. This
is probably the simplest derivation of these equations ever conceived for what could be
more primitive than simple counting? To show how quantum mechanics is a very delicate
special case of diffusion, it is sufficient to mention that Ord’s rule of ‘parity’ or ‘ising spin’
consisting of +l for a particle travelling fowards and -1 for a particle travelling backwards
in time gives rise to the equations of quantum mechanics without resorting to the
‘notorious’
analytical continuation
while any other rule would simply give a classical
diffusion [44]. This is, in our view, just another way of looking at our adjoint set variational
formulation
for a classical non-conservative system and the quantum contra part obtained
using conjugate complex time transformation.
Time or simply T invariance of quantum mechanics is of course a very special form of
invariance because it does not act as in classical mechanics. Under T a wave function is
taken to its conjugated complex form (see Appendix F). A time operator under such
circumstances is said to be antilinear. Now the T invariance has been shown experimentally
to be violated when electromagnetic interaction is admitted and this may thus be a physical
interpretation
to what Ord uses to break time symmetry by introducing this artifact and in
the same sense confirms our previous discussion of measurement and reversibility. On the
cosmological scale the initial time asymmetry may also be associated with the Banach-Tarski scenario of the initial ‘singularity’ introduced in Ref. [15].
Finally, it is essential to point out that Rossler, in an extremely original and interesting
application of endophysics, seems to have drawn some very important conclusions and
connections regarding the Cantorian, thermodynamical
and Everett many-world interpretations of quantum mechanics [45]. In addition we have to warn the reader that there are still
many technical problems, either unsolved or controversial, regarding the reversibility of
ergodic systems and the irreversibility
of K systems [55]. The same may be said regarding
CPT and T invariance.
4. CONCLUSION

Cantorian space-time represents, in a mathematically
clear and fundamental way, the
geometry required by irreversibility
and the thermodynamical
broken time symmetry
approach to quantum mechanics. In Cantorian CPT “semi group” invariant space-time
however, the problem of non-locality, quantum path, as well as reversibility and irreversibility finds a natural and convincing resolution in the form of the transfinite zero measure,
at infinite resolution,
DNA-like
informational
space and the Schrodinger-Eddington
duality interpretation
of the conjugate complex wave function q*. In other words many of
the problems and paradoxes of quantum mechanics are attributed to the contraintuitive
nature of the supporting Cantorian geometry of micro space-time. There have, of course,
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been many other attempts besides Prigogine’s work to reconcile quantum mechanics and
the second law which we have not discussed. However, the work of 0. Klein [49] may be
of interest here because Klein’s interpretation
of compactification
may be of great value in
interpreting Cantorian space-time dimensionality
as a self-similar structure with a decreasing probability of actual experimental observation.
It may be that one of the best formulations
which aptly reflects the contradiction
of
order arising out of chaos is the conclusion of Turing mentioned in Penrose’s book with
regard to Godel’s theorem and the Churchill-Turning
thesis, namely “An infailable mind
cannot be intelligent”
[56].
Bearing all these results and limitations in mind it would appear to us that in the end
analysis, at the operationally
and ‘theoretically’
impossible infinite resolution, Cantorian
theory of space-time like superstrings resembles at the present time more of an imaginative but consistent work of art than a scientifically testable theory in the traditional sense of
physical theories. But it is exactly here, and paradoxically so, that it may be reflecting a
very deep and true side of ‘reality’ namely its ultimate ‘irreality’. This may explain the
deeply felt need for art of all thinking human beings particularly scientists who are engaged
in rationalizing existence.
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APPENDIX
(A) Derivation

of n = 4 and -(n)

= 4 + 1$9

We start from the generalized gamma probability distribution. By adjusting three parameters in this distribution
one arrives at the chi-square distribution, the Maxwell distribution and the original gamma distribution with the
well-known expectation value (see Ref. [57, p. 2861).
E = r/k
(Al)
Setting r = 2 and 1= In (l/d:‘) one finds that
(n) = 2/ln (l/d:“)
(A21
This is the result found in Refs [33, 341.
Expanding (n) and retaining linear terms only one finds
-(n) = (1 + dLO))/(l - d$O))
(A31
The important point is, however, that the previous result may be obtained directly in a purely discrete and exact
analysis. Proceeding in this way -(n) is found to be the centre of gravity given by

-(n)=@diu’)”I&(d!“))“.
Since 20” r~*(d~~‘)” = dL”(l + dL’))/(l - d$)3 and ~~n(d~“‘)” = dL”(l - dL”‘)2, one finds the exact discrete
expression immediately. This means the linear part of the continuous expression (n) is exactly equal to the
discrete expression -(n )
Next we require that -(n) = dp’ = (l/d:‘))“-’
and find that this is only possible when n = 4 and
die’ = @= (d5 - 1)/2. Consequently, -(n) = 4 + @ and n is found in a natural way to be n = 4 while
l/[-(n)
-41 = -(n)l@‘=$,.
(B) Derivation

of-(n)

= 5

Noting that -(a) is found exactly without taking the limit to the continuum it seems that we should also drop
the limit in calculating the Hausdorff dimension of d,to) in order to remain consistent. For the triadic set this would
mean that d$@= In 2/ln 3 should be replaced by die) = 2/3. In this way one finds
-(n) = (1 + 2/3)/(1 - 2/3) = 5
@I)
and
d”’c = (1/(2/3))4 = (3/2)4 - 5
032)
This is clearly consistent with Fermi-Dirac

statistics [34].

(C) Justification

for d(O) = 2/3 and dial = 315

To show that dz”) = 213 and die’ = 315 are basic, we consider the beta distribution [57, p. 3301. This distribution
implies that if one divides the unit interval into say n parts at random using (n - 1) points, then one can expect all
parts to have the same length. Now if we remove some of these parts iteratively to construct a Cantor set and use
the same time symmetry as well as discreteness, then it is clear that the simplest generic set would be the triadic
set die’ = In 2/ln 3.
The next thinner set is easily reasoned to be given by d$‘) = ln3/ln5 which is obtained by dividing the interval
into five parts. Dropping the limit we find die) = 2/3 and die) = 3/5, respectively. It is easily reasoned that dividing
the interval into four parts would lead to d,(‘) = (d”‘) = l/2. All other possible Cantor sets are, of course, less
probable than these three fundamental Cantor sets obtained by a simple Frey tree addition (see Appendix G).
Note also the connection between cellular automata, recursive generation of a Pascale triangle, and the
Sierpinski gasket. The binomal distribution (discrete Poissons distribution) converge rapidly towards p = l/e. The
probability of finding a ‘Cantor’ point is thus q = 1 - p = 0.632 as compared with the inverse of the Hausdorff
dimension of the Sierpinski l/d, = In 2/In 3 = q.
(D) Joint Distributions

and the Dimensions

n = 4 and n = 5

Noting that the generalized gamma distribution can be modified to a chi-square distribution, it is possible to
look at Cantorian space as an n degree of freedom joint distribution of infinitely many elementary Cantor sets.
Since the expectation value in this case is simply [57, p. 3661
E=n
CD11
it is not difficult to reason that a Bosonic space will have n = 4 while for fermionic spin l/2 particles we may use a
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classical model such as the Cosserat [61] ‘continuum’ to establish that n = 5. In other words, spin l/2 is given one
more degree of freedom than spin zero space.
(E) Expectation

Value of n and 3 + 1 Dimension

Following the beta distribution it is easily shown that under the symmetry and
in Appendix C, the most probable Hausdorff dimensions for a zero topological
2/3, l/2 and 3/5 in increasing order of likelihood. The corresponding dimensions
5, 3, and 4, respectively. It is also trivial but may be worthwhile mentioning that
(ii)

= (4 + 3 + 5)/3 = (3 + 5)/2

discreteness conditions mentioned
dimension kernel Cantor sets are
-(n) are also easily found to be
the arithmetic mean is simply

= 4

(El)

should we, on the other hand, use a weighted expectation value for the three dimensions 3, 4 and 5 then one
would find that
tzi) = (3)(1/2)3 + (4)(3/5)4 + 5(2/3)5 = 4,017311581
03)
(1/2)3 + (3/5)4 + (2/3)5
which is very near to the exact value found in the analysis of the infinite dimensional Cantor spaces. This
numerology may motivate a scientific speculation about the basic question of why we live in 3 + 1 dimensions
rather than simply four dimensions for instance. A related question would be why the fifth dimension of spin l/2
particles is invisible or compacted.
A hint at a possible partial explanation may be the following observation. It is by now well established that
(d$) = dL”) = l/2. This will give an expectation value for the Hausdorff dimension of (d,) = l/[(l - ds’))d:“]
= 4. In contrast for d$ = l/2 one finds -(n) = (1 + di’))/(l - d:“) = 3 while di3)]t;z = 4. Consequently the
additional one-dimensional time seems to be related to the equation
[(d) - -(n)]l1/Q

= [dZ3’ - -(n)]

= 1

or
d(‘)
c = (d) = -(n) + 1 = 3 + 1
The only assumption needed for this derivation is that time as well as space are transfinite (fractal) sets
(F) CPT Invariance

and Interpretation

(E4)

of (d,)

The relative average Hausdorff dimension

(4) = (1 - d:“)(d:“)
l
= n.MW
is the inverse of the multiplication of a kernel Cantor set d$ and its complementary set dL”) = (1 - ds”). At the
point of space filling we thus have
d$@ = 4 = d5 - ’

and

2

die) = (1 - dp)) = @

WI

Consequently l/( d,) can be expressed in terms of the zero topological dimension kernel set d$” = @ and the -1
topological dimension empty set d,(-‘I = 25” = 1 - 4 = @ as follows:
l/(d c) = d(O)
c x d(-‘I
= dL”’ + (1 &‘I) = @
(F3)
This means that at dimensional saturation we have
d”’c x &‘) = dL”) + (-&“)
= &
(F4)
Next we note that because Cantorian space-time is fully spatialized, then the CPT invariance is reduced to CP
invariance. CPT invariance plays, as is well known, an extremely important role in particle physics and the
standard model. We may recall here that C, or charge conjugation, is invariant against changing the sign of the
electric charge:
C
I? + e+
F-5)
while P, or parity, is an invariance against changing the sign of coordinates
P
x+-x

F6)

Finally T invariance is invariance towards time reversal
2-P-t
(F-7
Parity violation was observed in 1956. However, the faith in symmetry was restored by the new combined
symmetry CP. Unfortunately this symmetry was also violated in experiments on the decay of neutral kaons in
1964. This implies that T invariance may also be violated, and irreversibility is at least not exclusively of
thermodynamical origin, but rather related to Cantorian geometry of space-time.
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Until now no violation was observed, under the combined effect of C, P and T for all particles filed.
As far as the equations of the dimensions of Cantorian space-time are concerned, we will replace CPT
invariance by the transformation of a set dp’ to its complementary set d:“. The rationale behind this
interpretation is that df” = r$ lives in E(l) while di-” = d,
-“) - & lives in EC-‘1. This transformation can thus be
viewed as a time reversal E(l)--+ EC-‘). Consequently, l/(d,) is the product of dL”) and its ‘time’ reversal
@) = (1 - di’)). This is similar to the born interpretation. Thus in analogy to
p = lvJ)(lv))

Ff9

we may write
l/(d,)

= N = ld:‘))(j(l

- cl:“))) = (d:olld:o)) = (q)(e)

(G) Spin l/2 and Quantum

Entanglement

= @ = l/4 + 8.

in Cantorian

G=Y

Space

The Cantorian space-time approach to quantum mechanics is based on the idea that most if not all paradoxes in
this theory stem from the contraintuitive character of the underlying Cantorian geometry of micro space-time. A
clear cut example for this is the result that the Hausdorff dimension of a quantum path is dr’ = 2. This means the
.path’ is two-dimensional just like the, by now familiar, Peano-Hilbert fractal curve. In this sense we could say
that both the Copenhagen and the anticopenhagen interpretations are correct in asserting that a quantum particle
cannot have or must have a well-defined ‘path’, respectively. Cantorian geometry says, in a manner of speaking,
that both Bohr and Einstein are right. A far more serious difficulty, however, is that any ‘realistic’ interpretation
of quantum mechanics will sooner or later run into the problem of quantum entanglement.
Based on the geometry of Cantorian space-time we may, nevertheless, outline a possible realistic resolution
using only a few ideas.
Let us start here by recalling that the viewpoint taken in Cantorian space-time is basically that of von
Weizecker and Finkelstein who regard a process as basic and space-time as a process outcome, a more or less
statistical construct similar to temperature. Thus, in some initially vague sense, the dynamics of the ‘particles’ treat
outcome space-time. On the other hand, it is well known from non-linear dynamics and its connection to number
theory that the dynamics of numerics is a surrogate to the particles dynamics. Consequently, space-time
dimensionality must be defined indirectly by the numerics of the dynamics and we may anticipate here the
existence of a mechanism analogous to the physics of mode locking encountered in dynamic systems. Proceeding
along these lines of reasoning one could view the three basic Hausdorff dimensions which we have derived so far,
namely d$ = l/2, die) = 315 and d,(‘) - 213 , as the result of a Farey sequences ‘addition’ or more accurately
‘superposition’. The technical term here is, in fact, called taking the mediant and may be defined as follows:
p “+” + = ;
(Gla)
f “+” ; = 5
(Glb)
f “+” 5 = s
(Glc)
In other words, die’ = 315 is the mediant between dL”’ = l/2 and d,(‘) = 2/3 in which a dynamic system would lock
if dL”’ was regarded as a frequency ratio of oscillation. Such a system would thus alternate between l/2 and 2/3
with three pulses during five full rounds. Translated into our ‘dimensionality’ language and noting that (n) 12,s= 5
while (rz)ls,s = 4, this means that (n) = 5 may collapse and ‘lock’ into (n) = 4. Consequently, five-dimensional
space is ‘unstable’ and the slightest ‘ erturbation’ leads to a special configuration (n) = 4 as confirmed by the
criterion dL”) = (n) = (d,) only if d$ = 4 an d n = 4. We may now ask the question how does the spin l/2
Fermi-Dirac’s statistics reduce to that of Bose-Einstein? Within the present picture the answer is that upon
measurement, spin up and spin down will appear simultaneously so as to cancel the spin dimension instantaneously
using the non-local character of Cantorian space. All this entails what we have stressed previously on various
occasions in connection with wave collapse, namely that measurements have a crucial instantaneous effect on the
dimensionality of space-time. The spin l/2 effect, which is amplified by size, must vanish at the macro level and
entanglement and dimensional collapse bring the desired effect, namely a spin l/2 free macro universe.
We have only given a very short outline here of the idea of (n) = 5 reduction to (n) = 4. Far more detailed
mathematical treatment is still needed. In such treatment we will have to include the analogous phenomenon of
the Maxwell electromagnetic vortex vacuum and the relation to Feynman-Wheeler absorber theory as well as the
variational formulation of dissipative systems, all problems which are connected to the problem of spin
synchronization in Cantorian space-time. It is presently a matter of speculation whether the eight fold way of
Gill-Mann
and its possible connection to the Banach-Tarski theorem may also be related to the 2/3 and 3,/S
Cantor sets of (n) = 5 and (n) = 4. This speculation is motivated by the observation that ‘forbidden’ eight fold
symmetry leads to
d”’c = 1/7q/8 = 0.7429971449
for which one finds
(d) = 5 + q+ => (5; ii)
while
d:” = (r$)‘“’ = 0.7427429445
gives also (d) = 5 + @. At the same time Kepler’s Conjucture (S = 0.7404) leads to (d) = 5.2027 for d:‘) - S.

